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CHAPTER I 
INTRODUCTION 
S u p p o s e t h a t S i s a Banach s p a c e and t h a t X i s a 
normed n e a r - r i n g o f L i p s c h i t z t r a n s f o r m a t i o n s f rom S t o S 
c o n t a i n i n g t h e i d e n t i t y mapping I on S. We s h a l l be c o n ­
c e r n e d w i t h c h a r a c t e r i z i n g t h e i d e n t i t y component I(X) o f 
X, t . e # , t h e l a r g e s t c o n n e c t e d s e t o f i n v e r t i b l e e l e m e n t s o f 
X c o n t a i n i n g I. 
A p a r t i a l c h a r a c t e r i z a t i o n o f I(X) h a s a l r e a d y b e e n 
g i v e n by J• W. N e u b e r g e r . If Q i s i n X, N e u b e r g e r 
defines (Exp Q) x = 1 ± m f r + + a o (I + ( l / n ) Q ) n x f o r e a c h x in S. 
It i s t h e n shown t h a t e a c h e l e m e n t o f I(X) c a n be a p p r o x i ­
m a t e d , u n i f o r m l y on bounded s u b s e t s o f S, by a s e q u e n c e 
w h o s e e l e m e n t s a r e f i n i t e p r o d u c t s o f t r a n s f o r m a t i o n s o f 
t h e form Exp Q w i t h Q i n X. 
U s i n g r e s u l t s of J• S. MacNerney [3] i n t h e s t u d y o f 
i n t e g r a l e q u a t i o n s , we s h a l l s e e t h a t t h i s d e n s i t y i n I(X) 
of finite products of exponentials of elements of X is 
special case of a m o r e general p h e n o m e n o n . We s h a l l , i n 
f a c t , o b t a i n a complete c h a r a c t e r i z a t i o n of I ( X ) . 
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CHAPTER I I 
SOME PRELIMINARY NOTIONS 
A p r e c i s e s t a t e m e n t o f t h e s e t t i n g i n w h i c h we s h a l l 
work i s now g i v e n . L e t {S,J| |J} be a Banach s p a c e . We say-
t h a t X i s a n e a r - r i n g o f L i p s c h i t z t r a n s f o r m a t i o n s f rom S 
t o S i f , and o n l y i f , X i s a v e c t o r s p a c e ( r e a l o r c o m p l e x ) 
o f f u n c t i o n s f r o m S t o S s u c h t h a t e a c h o f t h e f o l l o w i n g i s 
t r u e . 
( i ) Q ( 0 ) = 0 f o r e a c h Q i n X, where 0 i s t h e 
a d d i t i v e i d e n t i t y o f S . 
( i i ) The i d e n t i t y m a p p i n g , I , on S i s i n X. 
( i i i ) I f e a c h o f Q and H i s i n X, t h e n t h e 
c o m p o s i t i o n QH i s i n X. 
( i v ) F i n a l l y , i f Q i s i n X, t h e n t h e r e i s a 
number B s u c h t h a t i f e a c h o f x and y i s i n S , i t t h e n 
f o l l o w s t h a t | | Q X - Qy|| < B | |x - y | | , i . e . , Q i s L i p s c h i t z . 
The l e a s t s u c h number B we c a l l | Q | . I t i s t h e n 
e a s y t o show t h a t X i s normed by | | i n t h e f o l l o w i n g 
k 
s e n s e • 
( i ) I f Q i s i n X, | Q | > 0. F u r t h e r , | Q | = 0 
i f , and o n l y i f , Q = 0. 
( i i ) I f e a c h o f Q and H i s i n X, t h e n | Q + H | 
< | Q | + | H | , and | QEi | < | Q | | H | . 
( i i i ) I f (3 i s a number and Q i s i n X, t h e n 
I P Q I 83 I P I I Q I • 
( i v ) F i n a l l y , | I | = 1 , 
F o r our p u r p o s e s , i t w i l l n o t be e n o u g h t o c o n s i d e r 
o n l y s e q u e n c e s w h i c h c o n v e r g e i n t h e s e n s e of | | • I n 
o r d e r t o make u s e o f M a c N e r n e y f s r e s u l t s i n t h e c a s e t h a t 
X i s n o t m e r e l y a c o l l e c t i o n o f l i n e a r f u n c t i o n s , we c o n ­
s i d e r a s l i g h t r e s t r i c t i o n of u n i f o r m c o n v e r g e n c e on 
bounded s u b s e t s o f S . 
- f - 0 0 
To t h i s e n d , we s a y t h a t a s e q u e n c e {A } o f 
n
 n = l 
e l e m e n t s o f X i s L - u n i f o r m l y c o n v e r g e n t i f , and o n l y i f , 
e a c h o f t h e f o l l o w i n g i s t r u e ! 
( i ) For e a c h e > 0, t h e r e i s a p o s i t i v e i n t e g e r 
N s u c h t h a t i f i n t e g e r s r and m a r e l a r g e r t h a n N, t h e n 
| | A _ x - A x ![ < e || x | | f o r e a c h x i n S , and 
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+ 00 
( i i ) The number s e q u e n c e {| A | } i s b o u n d e d . 
n
 n = l 
I t s h o u l d be n o t e d t h a t c o n d i t i o n ( i ) g u a r a n t e e s t h e 
e x i s t e n c e o f a p o i n t w i s e l i m i t and t h a t c o n d i t i o n ( i i ) 
g u a r a n t e e s t h a t t h i s p o i n t w i s e l i m i t i s L i p s c h i t z . Now, 
4* OO 
f u r t h e r , we a g r e e t h a t T i s t h e L - u n i f o r m l i m i t o f {A n > 
+ OO n = l 
i f , and o n l y i f , ^A } i s L - u n i f o r m l y c o n v e r g e n t , and 
n
 n = l 
f o r e a c h e > 0, t h e r e i s a p o s i t i v e i n t e g e r N s u c h t h a t i f 
an i n t e g e r m i s l a r g e r t h a n N, t h e n || Tx - A^x || < e || x | | 
f o r e a c h x i n S . F i n a l l y , we s a y t h a t X i s L - u n i f o r m l y 
4- 00 
c o m p l e t e i f , and o n l y i f , w h e n e v e r {A } i s L - u n i f o r m l y 
n—l 
c o n v e r g e n t i n X, t h e r e i s a n e l e m e n t T o f X w h i c h i s t h e 
+ 0 0 
L - u n i f o r m l i m i t o f (A } 
n
 n = l 
That L - u n i f o r m l y c o m p l e t e s p a c e s do i n d e e d e x i s t i s 
t h e s u b j e c t o f Theorem 1 . 
THEOREM 1 
L e t M b e t h e s e t t o w h i c h Q b e l o n g s o n l y i n c a s e 
( i ) Q i s a f u n c t i o n f rom S t o S w i t h Q(0) = 0, 
and 
( i i ) t h e r e i s a number B s u c h t h a t i f e a c h o f 
x and y i s i n S , t h e n || Qx - Qy | | < B || x - y | | . 
D e n o t e t h e l e a s t s u c h B by | Q | . Then { M, | | } i s an 
6 
L - u n i f o r m l y c o m p l e t e n e a r - r i n g . 
PROOF: I t i s e v i d e n t t h a t (M, | | } i s a normed n e a r - r i n g . 
+ o  
S u p p o s e t h a t ( A n > i s an L - u n i f o r m l y c o n v e r g e n t s e q u e n c e 
i n M. S i n c e S i s c o m p l e t e , t h e p o i n t w i s e l i m i t T e x i s t s . I f 
e > 0 , t h e r e i s a p o s i t i v e i n t e g e r N s u c h t h a t i f i n t e g e r s 
m and n a r e l a r g e r t h a n N, t h e n || A n x - A^x || < e | | x || f o r 
e a c h x i n S . L e t y be i n S . I f 6 > 0 , t h e r e e x i s t s a p o s i ­
t i v e i n t e g e r P s u c h t h a t i f an i n t e g e r n i s l a r g e r t h a n P, 
t h e n || A n y - Ty || < 6 . H e n c e , i f m and n a r e i n t e g e r s w i t h 
m > N and n > max^N,P^, we t h e n h a v e t h a t || A^y - Ty || < 
II A n y - Ty || + || A m y - A n y || < e|| y || + A . T h i s h o l d s f o r 
+ o  
e a c h 6 > 0 , s o || A y - Ty || < e || y | | . Thus {A } c o n -
m n
 n = l 
v e r g e s L - u n i f o r m l y t o T . 
Now l e t B be s u c h t h a t I A n I < B f o r e a c h i n t e g e r 
n . L e t x and y be i n S . I f e > 0 , t h e n t h e r e i s a p o s i t i v e 
i n t e g e r N s u c h t h a t i f an i n t e g e r k i s l a r g e r t h a n N, t h e n 
| | Tx - A k x || < e and || Ty - A k y || < e . I t t h e n f o l l o w s 
t h a t || Tx - Ty | | < || Tx - A k x || + || A f c x - A k y || + 
|| A k y - Ty | | 1 B | | x - y | | + 2 e . Hence | T | < B and T i s 
i n M. 
The p r o o f i s c o m p l e t e . 
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REMARK 1.1 I t i s w o r t h n o t i n g t h a t i f (A } i s a 
n = l + o  
s e q u e n c e i n X w h i c h c o n v e r g e s i n norm, t h e n (A } i s 
n
 n = l 
a l s o L - u n i f o r m l y c o n v e r g e n t . H e n c e , i f X i s L - u n i f o r m l y 
c o m p l e t e , X i s c o m p l e t e i n t h e s e n s e o f t h e norm. The c o n ­
v e r s e , h o w e v e r , i s n o t t r u e , a s t h e f o l l o w i n g e x a m p l e s h o w s . 
Example 1,1 Le t Y be t h e c o l l e c t i o n t o w h i c h f 
b e l o n g s o n l y i n c a s e f i s a L i p s c h i t z f u n c t i o n from t h e 
r e a l numbers t o t h e r e a l numbers w i t h ( i ) f ( 0 ) = 0 and 
( i i ) t h e r e i s a number C and a number p s u c h t h a t f ( x ) = 
f ( C ) + p ( x - C) f o r e a c h x > C. I f A i s i n Y, l e t | A | 
d e n o t e t h e u s u a l L i p s c h i t z norm. Now, i f M i s t h e c o l l e c ­
t i o n of L i p s c h i t z f u n c t i o n s f rom t h e r e a l numbers t o t h e 
r e a l numbers t o w h i c h f b e l o n g s o n l y i n c a s e f ( 0 ) = 0, t h e n 
Theorem 1 shows t h a t M i s L - u n i f o r m l y c o m p l e t e and h e n c e i s 
c o m p l e t e i n t h e normed s e n s e . We may t h u s l e t NY d e n o t e t h e 
normed c l o s u r e o f Y i n M and LY d e n o t e t h e L - u n i f o r m c l o ­
s u r e o f Y i n M. 
I f , f o r e a c h p o s i t i v e i n t e g e r n , we p u t ^ n ( x ) = 
s i n ( T r x ) f o r x < n and ^ n ( x ) = 0 f o r x > n , t h e n t h e s e q u e n c e 
so constructed c o n v e r g e s L - u n i f o r m l y t o Tx = s i n ( T t x ) . H e n c e , 
8 
T i s i n LY. Now, i f e a c h of G and H i s i n M , and e a c h o f G» 
and H f e x i s t s on a s u b s e t V o f t h e r e a l n u m b e r s , t h e n i t i s 
e a s y t o v e r i f y t h a t | G - H | > sup {| G f ( x ) - H f ( x ) | I x i s 
i n V } . H e n c e , i f H i s i n NY, t h e n | H - T | > TTJ S O T i s n o t 
i n NY. We s e e a t t h i s p o i n t t h a t t h e r e q u i r e m e n t t h a t a 
s p a c e be L - u n i f o r m l y c o m p l e t e i s c o n s i d e r a b l y s t r o n g e r t h a n 
t h a t o f c o m p l e t e n e s s i n t h e s e n s e o f t h e norm. 
The p r e s e n t e x a m p l e a l s o f u r n i s h e s an e x a m p l e i n 
w h i c h t h e r e i s a d i f f e r e n c e b e t w e e n t h e L - u n i f o r m c l o s u r e 
i n Y w h i c h c o n v e r g e s , u n i f o r m l y on bounded s u b s e t s o f t h e 
r e a l n u m b e r s , t o a L i p s c h i t z f u n c t i o n P, t h e n F i s i n t h e 
c l o s u r e . The l a t t e r c l o s u r e i s , i n f a c t , M i t s e l f . We may 
n o t e , h o w e v e r , t h a t i f f ( x ) = x s i n ( l n | x | ) f o r x ^ 0 and 
f ( 0 ) = 0, t h e n f i s i n M ; a n d , m o r e o v e r , i f g ( x ) = g ( C ) + 
p ( x - C) f o r x > C , t h e n 
and t h e c l o s u r e i n t h e s e n s e t h a t i f {A } 
n 
i s a s e q u e n c e 
n = l 
l i m 
l im. 
n-++°° 
n - v+oo 
) I • 
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Hone©, no s e q u e n c e i n Y can c o n v e r g e L - u n i f o r m l y t o f• 
H e n c e f o r t h , X w i l l a l w a y s d e n o t e an L - u n i f o r m l y com­
p l e t e n e a r - r i n g o f f u n c t i o n s f rom S t o S . We now s t a t e a 
f e w f u n d a m e n t a l f a c t s c o n c e r n i n g L - u n i f o r m c o n v e r g e n c e and 
normed c o n v e r g e n c e . The p r o o f s a r e n o t d i f f i c u l t a n d h e n c e 
a r e o m i t t e d . 
4. o o + 0 0 
REMARK 1 . 2 I f (A } and (B } a r e s e q u e n c e s i n X 
n
 n = l n n - 1 
w h i c h c o n v e r g e L - u n i f o r m l y t o V and T, r e s p e c t i v e l y , t h e n 
+ 0 0 
{ A n B n > c o n v e r g e s L - u n i f o r m l y t o VT, 
n = 1
 + 0 0 
REMARK 1 . 3 I f (A } i s a s e q u e n c e i n X w h i c h c o n v e r g e s 
n = 1
 + -
t o T i n norm, and i f C i s i n X, t h e n (A C) c o n v e r g e s t o 
n
 n = l 
TG i n norm. 
+ 0 0 
REMARK l.k I f (A n > c o n v e r g e s L - u n i f o r m l y t o T , t h e n 
n = l 
| T I < l i m i n f ^ j A j . 
The i d e a s e x p r e s s e d i n Remarks 1 . 2 , 1 . 3 , and 1 . 1 | 
w i l l be u s e d many t i m e s i n what f o l l o w s . To r e f e r t o e a c h 
a f t e r e v e r y u s e w o u l d o n l y c l u t t e r t h e r e m a i n i n g t e x t . 
H e n c e , we s h a l l n o t make p r a c t i c e o f r e f e r e n c i n g e a c h u s e 
o f t h e a b o v e r e m a r k s . 
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CHAPTER I I I 
AN INITIAL CHARACTERIZATION 
We now move t o an i n i t i a l c h a r a c t e r i z a t i o n o f I ( X ) 
i n t e r m s o f f i n i t e p r o d u c t s o f e l e m e n t s o f a s u f f i c i e n t l y 
s m a l l n e i g h b o r h o o d o f I . 
I f T i s i n X, we u s e T"^ " t o d e n o t e t h e e l e m e n t o f X 
h a v i n g t h e p r o p e r t y t h a t TT""^ = T~^ "T = I , p r o v i d e d t h a t s u c h 
e x i s t s j and we d e f i n e T n = TT*1""1 where T° = I by d e f i n i t i o n . 
I n t h e c a s e t h a t X i s a c o l l e c t i o n o f l i n e a r f u n c t i o n s , we 
h a v e t h e w e l l - k n o w n r e s u l t t h a t i f | Q | < 1 , ( I - Q ) " 1 
- 1 °° k 
e x i s t s and i s g i v e n b y ( I - Q ) = ^ Q , where t h e c o n -
k:=C 
v e r g e n c e i n v o l v e d i s i n t h e s e n s e o f t h e norm, | | , on X. 
I n t h e n o n - l i n e a r c a s e , we u s e L - u n i f o r m c o n v e r g e n c e t o 
o b t a i n an a n a l o g o u s r e s u l t . 
THEOREM 2 
I f | Q | < 1 , t h e n ( I - Q ) " 1 e x i s t s and | ( I - Q ) " 1 | 
1 1 / ( 1 - I Q I )• 
PROOF! Put A = 1 and A , , = I + QA f o r e a c h n o n - n e g a t i v e 
o n+1 n 
11 
i n t e g e r n . Now i f e a c h o f x and y i s i n S and i f p and q 
a r e p o s i t i v e i n t e g e r s , t h e n || A x - A y || = 
|| X + Q A P . j X - ( Y + Q A . P _ 3 . Y J L L 
< II X - Y || + | Q | || A P _ L X - A P _ I Y || 
< L L X - Y | | 2 U L K = L L X - Y || ( 1 - | Q | J " 1 . 
k=0
 + „ 
H e n c e , t h e a e q u e n c e {|! A | } i s bounded a b o v e by 
n
 n=0 
( 1 - | Q | J " 1 . A l s o , || A p x - A p + q x || 
= || x + Q A p - 1 x - ( x + Q A p + q _ - x ) | | 
< | Q | |! A p - 1 x - A p + q - 1 x | R < I Q | P II x - A q x |'| 
< | Q l p (1 + ( 1 - | Q | ) " 1 ) l | x l | . 
+ °° 
H E N C E { A } I S L - U N I F O R M L Y C O N V E R G E N T ^ A N D I F F I S t h e 
N
 N = 0 
T H E L - U N I F O R M L I M I T , | F F < (1 - f Q |' J " 1 . 
F i n a l l y , || x - ( I - Q ) A x || = || x - A x + QA x || 
= || A p + 1 x - A P X || < | Q | p | | A - x - x || < | Q | p + 1 | | x | | ; and 
II X - A U - Q)x || = || x - ( I - Q)x - Q A p - 1 ( I - Q)x | | 
< | Q | || x - A p - 1 ( I - Q)x || < | Q | P | | x - ( I - Q)x || 
< | Q I P + 1 | | x || . H e n c e , F ( I - Q) = ( I - Q)F = I . 
COROLLARY 2 . 1 
I f | Q | < 1 , | I - ( I - Q ) " 1 | ( 1 - | Q | ) < | Q | . 
+ o  
PROOF: L e t {A } be a s i n t h e p r o o f of Theorem 2 . Then 
n
 n=0 
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I I - A p | = I I - ( I + Q A p ^ ) | = | Q A p ^ I 
< | Q | ( 1 - | Q | J " 1 . 
COROLLARY 2 . 2 
I f T i n X i s i n v e r t i b l e and i f | T - Q | | T " 1 | < 1 , 
t h e n Q" 1 e x i s t s and | Q" 1 | ( 1 - | I - QT""1 | ) < I T * 1 | . 
PROOF: I I - QT" 1 | < i; s o by Theorem 2 , ( Q T " 1 ) " 1 e x i s t s . 
Now I » ( Q T " 1 ) ( Q T * 1 ) " 1 * Q ( T ^ 1 ( Q T " 1 ) " 1 ) , and I = T - 1 I T 
= T * 1 ( Q T " 1 ) " 1 ( Q T " 1 ) T = ( T " 1 ( Q T " 1 ) " 1 ) Q . Hence Q" 1 = T " 1 ( Q T " " 1 ) 7 1 
F i n a l l y , | Q * 1 | = | T * 1 ( Q T " 1 ) ' 1 | < | T * 1 | | ( Q T * 1 ) ' 1 | , s o 
we h a v e | Q" 1 | < | T " 1 | ( 1 - | I - QT* 1 | J " 1 . 
COROLLARY 2 . 3 
The s e t o f i n v e r t i b l e e l e m e n t s o f X i s o p e n . 
COROLLARY 2Jk 
I ( X ) i s o p e n . 
PROOF! N o t e t h a t i f Q i s i n X and e > 0 , t h e n t h e s e t o f 
a l l H i n X s u c h t h a t | Q - H | < e i s a r c w i s e c o n n e c t e d . 
We now move t o our i n i t i a l c h a r a c t e r i z a t i o n o f I ( X ) . 
S i n c e f i n i t e p r o d u c t s w i l l o c c u r f r e q u e n t l y i n what f o l l o w s , 
we make t h e f o l l o w i n g d e f i n i t i o n : 
DEFINITION 3 . 1 I f M i s a s u b s e t o f X, t h e n TIM d e n o t e s t h e 
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s e t t o w h i c h Q b e l o n g s o n l y i n c a s e t h e r e i s a s e q u e n c e 
n n 
{ H , } i n M s u c h t h a t Q = n H. . 
1
 i = l i = l 1 
THEOREM 3 
L e t 0 < e < 1 . L e t M(e) be t h e c o l l e c t i o n o f e l e m e n t s 
o f X t o w h i c h Q b e l o n g s o n l y i n c a s e | I - Q | < e . Then 
I ( X ) = n M ( e ) . 
PROOF! By Theorem 2, IIM(e) i s a s e t o f i n v e r t i b l e e l e m e n t s . 
n 
S u p p o s e t h a t {Q_} i s a s e q u e n c e i n M ( e ) . For 0 < a 
P = 1 
n 
< b < 1 , ( I - a ( I - Q , ) ) n a i s i n HM(e) ; and t h e f a c t 
1
 p=2 ^ 
t h a t | ( I - b ( I - Q_ ) ) J l U Q - ( I - a ( I - Q, ) ) o | 
1
 p=2 p 1 p=2 * 
n 
< (b - a ) |! I - Q1 | n I Op I g i v e s , i n d u c t i v e l y t h a t 
p—2 
ITM(e) i s a r c w i s e c o n n e c t e d . Hence ITM(e) i s a s u b s e t o f 
I ( X ) . A l s o , i f H i s i n IIM(e) , F i s i n X, and | H - F | 
< e | H " 1 | ~ 1 , t h e n | I - FH" 1 | < e . S i n c e F = ( F H " 1 ) ! ! , 
F i s i n IIM (e) ; h e n c e , IIM(e) i s o p e n . 
F i n a l l y , s u p p o s e t h a t t h e r e e x i s t s an e l e m e n t A o f 
I ( X ) n o t i n IIM(e). i f B(A) d e n o t e s t h e s e t o f F i n X 
h a v i n g t h e p r o p e r t y t h a t | F - A | | A - 1 | < e/l|. and U d e n o t e s 
t h e u n i o n o f a l l s u c h B(A) w i t h A i n I ( X ) - I lM (e) , i t t h e n 
1 4 
f o l l o w s t h a t U i s an open s e t o f i n v e r t i b l e e l e m e n t s of X. 
The f a c t t h a t e a c h B(A) i s a r c w i s e c o n n e c t e d i m p l i e s t h a t U 
i s a s u b s e t o f I ( X ) . F u r t h e r , i f F i s i n B ( A ) , t h e n 
| I - FA" 1 | < E A , s o A F " 1 e x i s t s and | I - A F " 1 | < E / 3 , 
b y C o r o l l a r y 2 . 1 . S i n c e A = ( A F " 1 ) F , F i s n o t i n I I M ( E ) ; 
h e n c e , B(A) d o e s n o t i n t e r s e c t I T M ( E ) . S i n c e I i s i n I T M ( E ) 
and t h e u n i o n o f I T M ( E ) and U i s I ( X ) , we h a v e a c o n t r a d i c ­
t i o n t o t h e f a c t t h a t I ( X ) i s c o n n e c t e d . H e n c e , t h e r e i s no 
e l e m e n t A i n I ( X ) b u t n o t i n I T M ( E ) . 
The p r o o f i s now c o m p l e t e . 
COROLLARY 3 * 1 I ( X ) i s a g r o u p . 
PROOF: Theorem 3 g i v e s t h a t I ( X ) i s c l o s e d u n d e r m u l t i p l i ­
c a t i o n . A l s o , i f Q i s i n I ( X ) , t h e n t h e r e i s a s e q u e n c e 
n 
(H 3" i n X s o t h a t | I - H | < L A f o r e a c h i n t e g e r p i n 
P
 P = 1 n P , 
[ l , n ] and s o t h a t Q = N H . By C o r o l l a r y 2 . 1 , | I - H | 
p = 1 P
 - i - 1 - i P 
< 1 / 3 f o r e a c h i n t e g e r p i n [ l , n ] . S i n c e Q = N H , 
p=0 n ~ p 
Q " 1 i s i n I ( X ) . Hence I ( X ) i s a g r o u p . 
COROLLARY 3 * 2 I f P i s a c o n n e c t e d s e t of i n v e r t i b l e e l e m e n t s 
o f X and P c o n t a i n s a n e i g h b o r h o o d o f I , and i f P i s c l o s e d 
u n d e r m u l t i p l i c a t i o n , t h e n P = I ( X ) . 
1 5 
CHAPTER IV 
A PEW RESULTS ON INTEGRAL EQUATIONS 
We now i n t r o d u c e s e v e r a l r e s u l t s d e v e l o p e d i n t h e 
s t u d y o f i n t e g r a l e q u a t i o n s . T h e s e , t o g e t h e r w i t h T h e o r e m 3 , 
w i l l i n C h a p t e r V f u r n i s h a c o m p l e t e c h a r a c t e r i z a t i o n o f 
I ( X ) . T h e o r e m s f o u r , f i v e , s i x , a n d s e v e n a r e d u e t o J , S . 
M a c N e r n e y [ 3 ] « T h e o r e m e i g h t i s s i m i l a r t o a r e s u l t d u e t o 
J . V . H e r o d [ 2 ] . The p r o o f s a r e t h e a u t h o r ^ . 
A b o d y of n e e d e d d e f i n i t i o n s i s now g i v e n . S u p p o s e 
t h a t R i s a l i n e a r l y o r d e r e d s e t . I f e a c h o f x a n d y i s i n 
n 
R, we s a y t h a t ( t } i s a s u b d i v i s i o n o f f x , y ) i f , a n d 
P
 p=0 
o n l y i f , t Q = x , t = y , a n d t j _ l i e s b e t w e e n a n d t ^ + ^ 
m 
f o r k = 1 , 2 , . . . n - 1 . We s a y t h a t ( s } i s a r e f i n e m e n t o f 
P
 p=0 
n m 
i t } i f , a n d o n l y i f , ( s ) i s a s u b d i v i s i o n o f ( x , y ) 
p
 p=0 p p=0 
n 
w h i c h c o n t a i n s ( t } a s a s u b s e q u e n c e . 
p
 p=0 
C o n t i n u e d suras a n d p r o d u c t s w i l l a r i s e f r e q u e n t l y i n 
t h e d i s c u s s i o n w h i c h f o l l o w s . To s i m p l i f y d i s c u s s i o n , we 
16 
make a f e w n o t a t i o n a l a g r e e m e n t s . L e t a be a f u n c t i o n f rom 
n 
f rom RxR t o X, I f e a c h of x and y i s i n R, and i f { t } 
p
 p=0 
i s a s u b d i v i s i o n o f ( x , y ) , t h e n by 2 a we mean 
t 
- ,
n
 n 
5 ot ( t •% , 1 ) , by IT a we mean IT a ( t ^ , , t ) . For 
p = l P " 1 p t p = l P " 1 p 
c o n v e n i e n c e , we a g r e e t h a t > a ( t , , t ) = 0 and t h a t 
p = j + l P - l P 
N a ( t - , t ) = 1 f o r e a c h i n t e g e r j . By > a we 
P = j + 1 P p x 
mean t h a t e l e m e n t o f X h a v i n g t h e p r o p e r t y t h a t i f e > 0 , 
n 
t h e r e i s a s u b d i v i s i o n { t } o f ( x , y } s u c h t h a t w h e n e v e r 
P p=0 
m n _y 
( s } r e f i n e s ( t } , || ( 2 « )P - ( 2 a )P || < e [| P || 
p
 p=0 p p=0 s x 
f o r e a c h P i n S — p r o v i d e d , o f c o u r s e , t h a t s u c h a l i m i t 
y 
e x i s t s . By N a we mean t h a t e l e m e n t o f X h a v i n g t h e 
x 
n 
p r o p e r t y t h a t i f e > 0 , t h e r e i s a s u b d i v i s i o n { t } o f 
p
 p = 0 
m n 
{ x , y } s u c h t h a t w h e n e v e r { s } r e f i n e s { t } , t h e n 
p
 p=0 p p=0 
y 
|| ( N a )P - ( N a )P || < e || P || f o r e a c h P i n S — a g a i n 
s x 
p r o v i d e d t h a t s u c h a l i m i t e x i s t s . 
We s h a l l , o f c o u r s e , n o t w i s h t o c o n s i d e r a l l f u n c -
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t i o n s from R*R t o X. We r a t h e r r e s t r i c t o u r a t t e n t i o n t o 
g a i n a s s u r a n c e t h a t [ a - I ] e x i s t s o r t h a t IT [ I + a ] 
x x 
e x i s t s . We a c c o m p l i s h t h i s a s f o l l o w s . 
S u p p o s e t h a t e a c h o f a , y , V, and M i s a f u n c ­
t i o n w i t h domain RxR. 
DEFINITION - | . . l We s a y t h a t a i s i n 0 A + o n l y i n c a s e e a c h 
of t h e f o l l o w i n g i s t r u e ! 
( i ) a h a s v a l u e s w h i c h a r e n o n - n e g a t i v e n u m b e r s , 
and 
( i i ) a ( x , y ) + a ( y , z ) = a ( x , z ) w h e n e v e r y 
l i e s b e t w e e n x and z . 
DEFINITION U . . 2 We s a y t h a t y i s i n 0M + o n l y i n c a s e e a c h 
o f t h e f o l l o w i n g i s t r u e ! 
( i ) y h a s n u m e r i c a l v a l u e s n o t l e s s t h a n 1 , 
and 
( i i ) y ( x , y ) y ( y , z ) = y ( x , z ) w h e n e v e r y l i e s 
b e t w e e n x and z , 
DEFINITION lj.,3 We s a y t h a t V i s i n OA o n l y i n c a s e e a c h o f * 
t h e f o l l o w i n g i s t r u e ! 
( i ) V h a s v a l u e s i n X, 
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( i i ) V ( x , y ) + V ( y , z ) = V ( x , z ) w h e n e v e r y l i e s 
b e t w e e n x and z , and 
( i i i ) T h e r e i s an e l e m e n t (3 o f 0 A + s u c h t h a t 
| V ( x , y ) | < p ( x , y ) f o r e a c h { x , y } i n RxR. ( I n t h i s e v e n t , 
we s a y t h a t | V | « 3 . ) 
DEFINITION li.Ii. We s a y t h a t M i s i n OM o n l y i n c a s e e a c h o f 
t h e f o l l o w i n g i s t r u e ! 
( i ) M h a s v a l u e s i n X, 
( i i ) M ( x , y ) M ( y , z ) = M ( x , z ) w h e n e v e r y l i e s 
b e t w e e n x and z , and 
( i i i ) There i s an e l e m e n t \p o f 0M + s u c h t h a t 
I M ( x , y ) - I | < M x , y ) - 1 f o r e a c h { x , y } i n RxR. ( i n t h i s 
e v e n t we s a y t h a t | M - I | << ^ - 1 . ) 
S u c h r e s t r i c t i o n o f a t t e n t i o n p r o d u c e s w o r t h w h i l e r e s u l t s J 
f o r , u s i n g c o n t i n u e d p r o d u c t s and c o n t i n u e d s u m s , we a r e 
now a b l e t o e s t a b l i s h s t r o n g c o n n e c t i o n s , f i r s t , b e t w e e n 
OA and OM , a n d , s e c o n d , b e t w e e n OA and OM. Theorems f o u r , 
f i v e , and s i x h a v e a s t h e i r s u b j e c t s t h e s e r e l a t i o n s h i p s . 
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LEMMA l + . l 
+ y 
S u p p o s e t h a t a i s i n OA • Then y ( x , y ) = IT [ 1 + a ] 
x 
e x i s t s and i s an e l e m e n t o f 0 M + . M o r e o v e r , t h e c o n v e r g e n c e 
m 
i n v o l v e d i s m o n o t o n i c i n t h e s e n s e t h a t i f is } r e f i n e s 
p
 p=0 
n 
( t } , t h e n n [ 1 + a ] > n [ 1 + a ] . 
p
 p=0 s t 
n 
PROOF! S u p p o s e t h a t ( t ) i s a s u b d i v i s i o n o f ( x , y ) . 
p
 p=0 
Then IT [ l + a ] < II
 e
 a
 = e ° ^ X , y ^ . H e n c e , we may p u t 
y ( x , y ) = s u p {n [ l + a ] ! t i s a s u b d i v i s i o n o f { x , y } } . 
t 
Now t h e f a c t t h a t ( 1 + a ( t - , , t ) ) ( 1 + a ( t , t
 A . ) ) 
p - 1 p p p+1 
= 1 + a ( t T , t
 A l ) + a ( t , , t ) a ( t , t ) p - 1 * p+1 p - 1 P P p+1 
> 1 + a ( ^ p - i ' ^ p + i ^ g i v e s t h a t II [ 1 + a ] i n c r e a s e s 
u n d e r o n e - p o i n t r e f i n e m e n t s , a n d , h e n c e , u n d e r r e f i n e m e n t . 
y 
I m m e d i a t e l y we h a v e t h a t n [ 1 + a ] e x i s t s and g i v e s r i s e 
x 
t o a n e l e m e n t o f 0 M + . 
LEMMA k.2 
+
 K~y 
S u p p o s e t h a t y i s i n OM • a ( x , y ) = > [ y - 1 ] e x i s t s and i s an e l e m e n t o f 0 A + . M o r e o v e r , t h e c o n v e r g e n c e 
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n 
i n v o l v e d i s m o n o t o n i c i n t h e s e n s e t h a t i f { t } i s 
P
 p=0 
m 
r e f i n e d by { s } , t h e n 2 ^ Y ~ 1 ^ < 2 ( ^ - 1 ] . 
p
 p=0 s t 
n 
PROOF! I f { t } i s a s u b d i v i s i o n o f ^ x , y } , t h e n 
p
 p=0 
2 [ y - 1 ] > 0, s o p u t a ( x , y ) = i n f { ]>' [ y - 1 ] I t i s a 
t t 
s u b d i v i s i o n o f { x , y } } . Now, t h e f a c t t h a t y ( t p _ ^ , ^ p + l ^ ~ 1 
B
^ P - I ' V ^ V W - 1 = Y ( V I ' V ( Y ( W I J - 1 } 
+ y ( t p _ l f t p ) - l > u ( t p _ . 1 , t p ) - l + ^ ( ^ p ^ p + i ) - 1 6 i v e s 
g i v e s t h a t 2 [ y - 1 ] d e c r e a s e s u n d e r o n e - p o i n t r e f i n e -
t 
m e n t s a n d , h e n c e , u n d e r r e f i n e m e n t s . H e n c e , ^ [ y - 1 ] 
x 
e x i s t s and g i v e s r i s e t o an e l e m e n t o f 0 A + . 
THEOREM k 
+ y D e f i n e E ( a ) ( x , y ) = II [ 1 + a ] f o r e a c h a i n 
x 
0 A + , e a c h ( x , y ) i n RxR, D e f i n e L + ( y ) ( x , y ) = ]>f[ y - 1 ] 
x 
f o r e a c h y i n 0M +, e a c h ( x , y ) i n RxR. Then E + and L + a r e 
+ + 
i n v e r s e s i n t h e s e n s e t h a t i f a i s i n OA and y i s i n 0M , 
t h e n E L ( y ) = y and L E ( a ) = a , 
2 1 
PROOF: L e t e > 0 be g i v e n . S u p p o s e t h a t L + ( y ) = a • I f 
n 
( x , y ) i s i n RxR, t h e r e i s A s u b d i v i s i o n { t } o f { x , y } 
p=0 
M n 
s u c h t h a t i f { s } r e f i n e s { t } , t h e n 
p=0 p p=0 
( x , y ) ( ( 2 t V I - 1 ] ) - a ( x , y ) ) < e . 
S i n c e y ( s , , s ) - 1 - a ( s , , s ) > 0 f o r e a c h p i n [ L , M ] , p - i p p - l p — 
M M 0 < N Y ( 3 _ , , s ) 
P = l P - 1 * P 
N [ 1 + a ( s - , s ) ] 
p = l P " 1 P 
M 
- 5 
R M K - 1 
( N y ( s ^ , , s ) ) N [ l + a ( s ^ - , s J ] 
k = l p=k P " 1 P p = l P - 1 P 
( N Y ( s „ , , s ) ) N [ 1 + a ( s _ , , s ) ] 
p = k + l P - 1 P p = L p - 1 ' p 
M 
- 2 
R M 
k = l 
m 
k - 1 
( N Y ( s ^ , , s ) ) N [ 1 + a ( s_^
 l 9 a ) ] • 
. p = k + l P""1 p p = l P " 1 p 
( V i ( s k - > 1 , s k ) - 1 - a ( s k _ i « 8 k ) ) 
~ ^ = 1 Y ( V 8 I A ] Y ( V 8 k - L ) ( ^ k - L ' V " 1 * a ( s k - L ' 8 k ) ) 
< M x , y ) ( 2 ^ - 1 ] - a ( x , y ) ) < e . 
+ - f 
H e n c e , E L ( y ) = y • 
Now s u p p o s e t h a t y = E ( a ) . Then i f ( x , y ) i s i n 
n m 
RxR, t h e r e i s a s u b d i v i s i o n f t } s u c h t h a t i f { S } 
p
 p=0 p p=0 
n 
r e f i n e s ( t } , t h e n y ( x , y ) - II [ 1 + a ] < e . S i n c e 
p
 p=0 s 
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y ( s , , s ) - ( 1 + a ( s , , s ) ) > 0 f o r e a c h p i n [ l , m ] , we 
m 
h a v e 0 < 2 t y ( S D - l ' s i > ) " 1 " a ( S r > - l , S r , ^ 
P = l 
m m 
P = i L P 1 P P -L P k = p + l 
p - i n [ 1 + a ( s
 n , s , ) ] 
k = l K " 1 K . 
m m 
= (n y ( s - , a ) ) - II [ 1 + a ( s -,, s ) ] < e . 
P = 1 P - 1 * P
 p = 1 P - 1 ' P 
H e n c e , L + E + ( a ) = a . 
Thus we h a v e e s t a b l i s h e d t h a t e a c h e l e m e n t o f 0 A + 
a r i s e s f rom an e l e m e n t o f 0 M + v i a c o n t i n u e d sums and t h a t 
+ + 
e a c h e l e m e n t o f OM a r i s e s f rom an e l e m e n t o f OA v i a c o n ­
t i n u e d p r o d u c t s . We w i l l show t h a t an a n a l o g o u s c o r r e l a t i o n 
h o l d s b e t w e e n OA and OM, b u t f i r s t we h a v e n e e d o f a f e w 
lemmas and a n e x i s t e n c e t h e o r e m . 
F u n d a m e n t a l t o e s t a b l i s h i n g t h e e x i s t e n c e o f 
y 
n [ I + V] f o r V i n OA i s t h e f o l l o w i n g lemma I 
x 
LEMMA 5 . 1 
S u p p o s e t h a t V i s i n OA and a i s i n 0 A + w i t h 
n 
| V | « a, and t h a t x and y a r e i n R. I f ( t } i s a s u b -
p
 p=0 
d i v i s i o n o f { x , y } , and B i s i n S , and y = E + ( a ) , t h e n 
2 3 
n 
If n [ I + V ( t - , t ) ] B - ( I + V ( x , y ) ) B 
p = l p 1 
< ( y ( x , y ) - 1 - a ( x , y ) ) || B || . 
n 
PROOF: II1 n [ I + V ( t , , t ) ] B - B - V ( x , y ) B 
———•-- - • -— - P—J- P p = l 
n 
= IF 2 
r n 
k = l 
n n [ i + V(T , , T )] - n 
I p=k P " 1 p p = k + l 
[ I + V ( t , , t ) ] p - 1 p 
n 
n 
k = l 
n 
( I + V(T. - ,T , ) - I ) n [ i + V(T - ,T )] b 
K
"
± K
 p = k + l P"- 1 p 
B 
- V(t k - 1 , t k )B II 
n 
r 
k = l p = k + l p 1 p 
k + l L p=c 
n [ I + V(T , , T ) ] L
 p - i p 
n 
- n [ i + V(T 
n 
p = c + l 
n 
, R S ) ] ] B | 1 
< \
= 1 ° ( T K . R T K ) ( 5 I R V ( T C . R T C ) 
=k+i 
n n [ I + V ( t - , t ) ] B || ) 
_ ,-| p - 1 P p = c + l ^ ^ 
n 
1
 \ = 1 a | t W , t k ) ( 2 ^ V L ' V 
=k+l 
n 
n p = c + l [ 1 + a f t p - l ' V
1
 )LL B 
k = l c= 
n 
k+1 L p=c 
n 
- N 
N [ 1 + « ( t
 x , t ) ] 
[ 1 + a ( t , , t ) ] 
n n 
= 2
 n , t , ) ( N [ 1 + a ( t _ . , , 0 ] • l ) | | B 
k = l K p = k + l 
n 
p = c + l 
P - 1 P 
B II 
< ( y (X,Y) - 1 - a ( X , Y ) ) || B || . 
I B I 
N [ 1 + a ( t , , t ) ] - a ( x , y ) 
• p = l P p 
F u n d a m e n t a l t o e s t a b l i s h i n g t h e e x i s t e n c e o f 
> [M - I ] f o r M i n O M i s 
LEMMA £.2 
S u p p o s e t h a t M i s i n OM and y i s i n OM^ w i t h 
|; M - I | << y - 1 , and t h a t e a c h o f X and Y i s i n R . I f 
n 
{ t } i s a s u b d i v i s i o n o f { X , Y } , B i s i n S , and a = 
p
 p=0 
L + ( y ) , t h e n || (M(X,Y) - I ) B - 2 t M " ^ II 
t 
P R O O F : 
< ( y ( x , y ) - 1 - a ( x , y ) ) || B || . 
( M ( x , y ) - I ) B - 2 [M - I ] B || 
2 [M( t - , t ) - M(t , t ) ] B -
p = l P - 1 n P n 
2 [M(t - , , t ) - I ] B 
% = 1 P - 1 ' P 
2 5 
n 
p=l 
( M ( t p - 1 , t p ) - I ) M ( t p , t n ) B - ( M ( t p - 1 , t p ) - I ) B 
n 
p = l 
n 
P = l 
( y(tp-l'V " 1)11 ( M ( V t n ) " I ) B 
( y ( t p - l , t p ) " 1 ) ( y ( t p , t n ) " 1 ) 1 1 B 
( y ( x , y ) - i) - 2 [ y ( t
 r t ) - l] 
p = l llBll 
< ( y ( x , y ) - 1 - a ( x , y ) ) | | B || . 
I n o r d e r t o e s t a b l i s h i n Theorem 5 t h e e x i s t e n c e o f 
~y y 
2 [W - I ] and N [ I + v] f o r W i n OM and V i n OA, we n o t e 
x x 
one more i n e q u a l i t y i n Lemma 5*3- E s t a b l i s h m e n t o f t h i s 
i n e q u a l i t y d o e s n o t s h o r t e n t h e p r o o f o f Theorem %\ i t d o e s , 
h o w e v e r , s e r v e t o make t h e p r o o f more r e a d a b l e . H e n c e , we 
i n c l u d e t h e lemma. 
LEMMA 5 .3 
n n 
S u p p o s e t h a t e a c h o f {A } and { B } i s a 
p p-i p p-i 
s e q u e n c e i n X and t h a t y i s i n S . Then 
n n 
A-n y - N B y || < N 
p-i p "
 P=i p 
n n-k 
; K N I A I 
k=l p=l p 
n (An-k+l " Bn-Wn .+ ? Bp y I'1* 
p = n - k+2 * 
2 6 
n n 
PROOF: II n A y - IT B y || 
p = l p = l 
n n - k + 1 n n - k n 
= II 2 t n A n B y - n A n B y ] || 
k = l p = l p p = n - k + 2 p p = l p p = n - k + l p 
< ^ H | A | )|f ( A n - Bn-k+1) Hn B y fl]. k = l p = l p n K+i n K+i
 p = n _ k + 2 P 
We now h a v e i n Theorem 5 e s t a b l i s h m e n t o f f u n c t i o n s 
f rom OA t o OM and from OM t o OA, s i m i l a r t o t h o s e a l r e a d y 
e s t a b l i s h e d f r o m 0 A + t o 0 M + and f rom 0 M + t o 0 A + „ 
THEOREM 5 
S u p p o s e t h a t V i s i n OA and t h a t W i s i n OM. Then 
y 
F ( x , y ) = n [ I + V] e x i s t s and i s i n OM; a n d , 
x 
G ( x , y ) = 2 t w J l e x i s t s and i s i n OA. 
x 
n 
PROOF! L e t ( t } be a s u b d i v i s i o n o f { x , y } and l e t 
p
 p=0 
s be a s u b d i v i s i o n o f { t
 n , t } f o r e a c h p i n [ l , n ] . L e t p p - 1 ' p 
s d e n o t e t h e s u b d i v i s i o n o f ( x , y ) whose v a l u e s a r e p r e c i s e l y 
t h e u n i o n o f t h e v a l u e s o f e a c h o f t h e s e q u e n c e s s p , p = 1 , 
n 
2 , . . . n . N o t e t h a t s i s t h e n a r e f i n e m e n t o f { t } a n d , 
p
 p=0 
m n 
f u r t h e r , t h a t i f { c > i s a r e f i n e m e n t o f { t } , t h e n 
P p=0 P p=0 
2 7 
c c a n be c h a r a c t e r i z e d i n t h i s f a s h i o n ( i . e . , i n terras o f 
s u b d i v i s i o n s o f ^ * p « i * * p ^ ^ o r P = 1 * 2 , . . . n ) . F i n a l l y , we 
l e t a be i n 0 A + w i t h | V | << a, l e t B be i n S , and l e t 
E + ( a ) = y . T h e n , u s i n g Lemmas $ . 1 and $ . 3 , we g e t 
N [ I + V ] B - N [ I + V ] B 
t s 
n 
N [ I + V ( T , , T ) ] B ~ N [ N [ I + V ] ] 
p = i P " " 1 P p = i s 
^ * p 
n 
P : 
B 
n 
< 2 
k = l P - 1 ' P 
r n - k 
N [ I I + V ( T _ . , , 0 | ] 
L p = l 
- N 
( I + V ( T . , T . . . ) 
n - k ' n - k + 1 
[ I + V ] ) N 
n 
[ N [ I + V ] ] 
' n - k + l p = n - k + 2 s 
B | 
J 
- \ = I T C I [ 1 + A ( V I ' V ] ) ( ^ W V K + I ' - 1 
n 
- a ( t . , t , _ _ , ) ) N 
n-k* n - k + 1 11 [ N [ I + V ] ] B 
p = n - k + 2 s 
n 
1 ^ [ M T O , V K ) ( M T N - K , V K + 1 ) - 1 - « ( V K , V K + 1 ) ) 
< ( 2 I U - 1 - a ] ) y ( x , y ) | | B || • 
t 
y 
S i n c e S i s c o m p l e t e , t h e e x i s t e n c e o f F ( x , y ) = IT [ I + V] 
x 
i s c l e a r . F u r t h e r , | IT [ I + V] | < N [ 1 + a ] < Y ( x , y ) 
t t 
g i v e s t h a t F ( x , y ) i s i n X, by L - u n i f o r m c o m p l e t e n e s s o f X, 
2 8 
A l s o , i f y l i e s b e t w e e n x and z , we may t a k e s u b d i v i s i o n s 
o f { x , y } , { y , z } , and { x , z } a n d form t h e i r " u n i o n " t o d e d u c e 
t h a t F ( x , y ) F ( y , z ) = F ( x , z ) . F i n a l l y , we h a v e t h a t 
I n * [ I + V ( t
 # t ) ] - I | 
p = l P " 1 p 
< 2n I [ i + v(t , , t ) ] - J i U [ I + v(t , t ) ] I 
k = l P = K P " 1 P P = K + l P-" 1 p 
1 2 I V < T K - L ' T K ) I' ^ [ I + V ( T N - L ' T N ) ] I K = l P = K + l p 1 p 
K = l P = K + l P P 
n r n n 
= 2 n [ 1 + a ( t , , t ) ] - IT [ 1 +
 a ( t - , , t ) ] 
T e * l L P = K P " 1 P P = K + l P " 1 P . 
< y ( t , t ) - 1 . Hence F i s i n OM. 
— o n 
Now l e t p be i n 0 M + , l e t | W - I | << p - 1 , and 
l e t (3 = L + ( p ) » T h e n , u s i n g Lemma 5 * 2 , we d e d u c e t h a t 
2 CW - I ] B - 2 - I ] B || 
t s 
- If 5" i w t t p _ r t ) - I ] B - 2" t 2 rw - I ] ] B II 
p = l * * p = l
 S p 
1 2* II ( W ( T P - 1 > T P ) - I ) B - 2 [ W - I ] B || 
P - s p 
< 2 [p(Vrtp) - 1 - P ( T P . L F T ) ] | | B | | . 
v _y 
S i n c e S i s c o m p l e t e , t h e e x i s t e n c e o f G ( x , y ) = 2< [W - I ] 
x 
2 9 
f o l l o w s i m m e d i a t e l y . F u r t h e r , | 2 t w ~ ^ I 1 2 I W - I | 
t t 
y 
< "> [ p - 1 ] g i v e s t h a t | ]> [W - I ] f << p . As b e f o r e , i t 
t x 
i s c l e a r t h a t G ( x , y ) + G ( y , z ) = G ( x , z ) w h e n e v e r y l i e s 
b e t w e e n x and z . Hence G i s i n OA. 
The p r o o f i s now c o m p l e t e . 
The f o l l o w i n g a r e now i m m e d i a t e c o n s e q u e n c e s o f 
Lemmas 5.1 and 5*2 and Theorem 5* 
COROLLARY $ . 1 
S u p p o s e t h a t a i s i n 0 A + , V i s i n OA, f V | <<
 a * 
E + ( a ) = y , and B i s i n S . Then 
y 
|| n [ I + V] B - ( I + V ( x , y ) ) B || 
x 
< ( y ( x , y ) - 1 - a ( x , y ) ) | | B || . 
COROLLARY 5*2 
S u p p o s e t h a t y i s i n 0 M + , W i s i n OM w i t h f W - I | 
« y - 1 , L + ( y ) = a , and B i s i n S . Then 
|| ( W ( x , y ) - I ) B - ] / [ W - I ] B || 
x 
< ( y ( x , y ) - 1 - a ( x , y ) ) || B || . 
COROLLARY 5*3 
I f a i s i n OA"**, V i s i n OA w i t h | V |! «
 a , and 
30 
» E + ( a ) , t h e n | n [ I + v] - I | < y(x,y) - 1 . 
x 
We now move t o t h e a n t i c i p a t e d r e s u l t , p a r a l l e l t o 
t h a t o b t a i n e d i n Theorem _}.. 
THEOREM 6 
y 
D e f i n e E ( V ) ( x , y ) t o be II [ I + V] and L ( W ) ( x , y ) t o 
x 
be ^ [W - I ] f o r e a c h ( x , y ) i n RxR, e a c h V i n OA, and e a c h 
x 
W i n 0M. Then E and L a r e i n v e r s e s i n t h e s e n s e t h a t 
E(L(W)) = W and L ( E ( V ) ) = V f o r e a c h W i n 0M and e a c h V i n 
OA. 
PROOF! S u p p o s e t h a t a i s i n 0 A + , t h a t V i s i n OA w i t h 
| V | << a, and t h a t E(V) = W. Then | W - I | << E + ( a ) - 1 . 
I f E + ( a ) = y, ( x , y ) i s i n RxR, and B i s i n S , t h e n f o r 
n 
e a c h s u b d i v i s i o n ( t } o f ( x , y ) , we h a v e 
p
 p=0 
H2 [W - I ] B - V ( x , y ) B || 
t 
1 2T
=iH W ( t p - 1 . t p ) B - B - V ( t p - 1 , t p ) B II 
1 ^
= 1
(
 ^ V l ' V ' 1 ' a ( t p - 1 , t p ) ) | | B || 
by C o r o l l a r y 5«1« S i n c e y - E + ( a ) , we h a v e t h a t L(W) = V. 
3 1 
Now s u p p o s e t h a t u i s i n 0 M + , t h a t W i s i n OM w i t h 
| W - I | << y - 1 , and t h a t L(W) = V. Then | V | << L + ( y ) . 
+ n I f L ( y ) = a , ( x , y ) i s i n RxR, { t } i s a s u b d i v i s i o n 
p
 p=0 
o f ( x , y } , and B i s i n S , we t h e n u s e Lemma 5*3 and C o r o l l a r y 
5.2 t o d e d u c e t h a t || W ( x , y ) B - n [ I + V] B |] 
t 
= II n11 w(t , t ) B - n n [ I + V(t
 T , t ) ] B || 
p = l p 1 P p = l 
1 f < n n " j w ( t , t ) I )|| ( « t n . k , t n . k + 1 ) - I 
"
 V
«
t n-k ' t n-k + l ) > w I 1 + V V l ' V ] B 11 
p = n - k+2 * 
n n 
< 5 ( n Mt , , t ))( y ( t , , t , .
 n ) - 1 
— p - 1 p n-k* n - k + 1 
n 
•
 a ( t n - k ^ n - k + l ^ n p = n . k + 2 [ 1 +
 a ( V l ' t p 1 1 » B | l 
- i l Mto'tn-k>( y(tn-k'Vk+l) " 1 
-
 a < t n - k ' t n - * + l , , y ( t n - k + l ' t n ) » B 
< ^ ( x . y ) l l B || 2 t y - 1 - a l -
t 
S i n c e a = L + ( y ) , we h a v e E(V) = W, and t h e p r o o f i s 
c o m p l e t e • 
MacNerney u s e s t h e f u n c t i o n s E and L i n t h e a n a l y s i s 
o f S t i e l j e s - t y p e i n t e g r a l e q u a t i o n s a s f o l l o w s ! 
32 
I f V i s i n OA and P i s a q u a s i - c o n t i n u o u s f u n c t i o n 
f rom t h e r e a l numbers t o X, and i f x and y a r e r e a l n u m b e r s , 
we d e f i n e (R) J VP u s i n g a p p r o x i m a t i n g sums o f t h e form 
x 
n n 
5 V ( t , , t ) F ( t ) c o r r e s p o n d i n g t o s u b d i v i s i o n s ( t ) 
P = l P " 1 P P I B
 p 
o f ( x , y K We t h e n w i s h t o s o l v e t h e s y s t e m 
( * ) P ( t ) = I + (R) / VF • 
tJ 
MacNerney h a s shown 
THEOREM 7 
The s y s t e m ( * ) h a s e x a c t l y one q u a s i - c o n t i n u o u s 
s o l u t i o n F . M o r e o v e r , i f E (V) = W, t h e n F ( t ) = W(t,0) f o r 
e a c h t # 
S i n c e t h e c h a r a c t e r i z a t i o n s o f I ( X ) w h i c h f o l l o w do 
n o t d e p e n d d i r e c t l y o f Theorem 7, we o m i t t h e p r o o f . The 
c o n t e n t s o f Theorem 7« h o w e v e r , a r e o f g r e a t i m p o r t a n c e i n 
i n t e r p r e t i n g t h e s e c h a r a c t e r i z a t i o n s and s o s h o u l d be k e p t 
i n m i n d . 
We now move t o a r e s u l t e s t a b l i s h i n g s u f f i c i e n t c o n -
y 
d i t i o n s on V i n OA t o g u a r a n t e e t h a t IT [ I + V] be i n I ( X ) 
x 
f o r e a c h p a i r o f numbers ( x , y ) . To t h i s e n d , we d e f i n e 
33 
a ( x , x + ) = l i n y ^ ^ a ( x , y ) . y > x > , a ( x , x ~ ) = l i m y _ ^ { a ( x , y ) 
y < x > , a ( x + , x ) = l i m „ { a ( y , x ) : y > x } , a n d 
y-rx 
a ( x " , x ) = l i u i y ^ ( a ( y , x ) ! y < x> f o r e a c h number x , and 
f o r e i t h e r a i n 0 A + o r a i n 0 M + . We now e s t a b l i s h two 
lemmas w h i c h t o g e t h e r g i v e a s u f f i c i e n t c o n d i t i o n on V i n 
7 
OA t o i n s u r e t h a t II [ I + V] i s i n I ( X ) . 
x 
LEMMA 8>1 
S u p p o s e t h a t a i s i n 0 A + and y = E + ( a ) . Then 
a ( x , x + ) = y ( x , x + ) - 1 , a ( x , x ~ ) = y ( x , x ~ ) - 1 , a ( x + , x ) 
= y ( x + , x ) - 1 , and a ( x ~ , x ) = y ( x ~ , x ) - 1 f o r e a c h 
number x . 
PROOF! We s h a l l p r o v e o n l y t h a t a ( x , x + ) = y ( x , x + ) - 1 . 
The o t h e r t h r e e i d e n t i t i e s h a v e e s s e n t i a l l y t h e same p r o o f . 
S i n c e 1 + « ( x , y ) < v ( x , y ) f o r e a c h y , we h a v e t h a t 
a ( x , x + ) < y ( x , x + ) - 1 . To d e d u c e t h a t y ( x , x + ) - 1 < 
a ( x , x + ) , we s u p p o s e t h a t c » x and t h a t e > 0. Now, s i n c e 
+ n 
a = L ( y ) , t h e r e i s a s u b d i v i s i o n ( t } o f ( x , c ) s u c h 
p
 p=0 
t h a t 2 ^ Y ~ 1 ~ a l < e * H e n c e » y ( x , t 1 ) - 1 - o t ( x , t 1 ) 
t 
< e . We a l s o h a v e t h a t i f x < y < t ^ , t h e n 
3k 
( y(x,y) - 1 - a(x,y)) + ( yCy.t^) - 1 - aty.t-J) 
< ( y(x,t1) - 1 - aCx.t^ )). Thus y(x,x+) - 1 < a(x,x+) 
*4~ + 
+ e f o r e a c h e > 0. So we h a v e y(x,x ) - 1 < a(x,x ) and 
t h e lemma i s p r o v e d , 
LEMMA 8 . 2 
I f a i s i n 0 A + w i t h e a c h o f a(x,x+) < 1 and 
ct (x~,x) < 1 f o r e a c h x ( r e s p . , a(x+,x) < 1 and a(x,x~) < 1 
f o r e a c h x), and i f a < b ( r e s p . , a > b ) , t h e n t h e r e i s a 
n
 + 
s u b d i v i s i o n { t } o f { a , b > s u c h t h a t i f y = E ( a), i t 
p
 p=0 
t h e n f o l l o w s t h a t y ( t , , t ) - 1 < 1 f o r e a c h p i n [ l , n ] . 
PROOF! S u p p o s e t h a t x i s i n f a , b } . By Lemma 8 . 1 , t h e r e i s 
a y > x and a c < x s o t h a t u(x,y) - 1 < 1 and y(c,x) - 1 
< 1 . L e t A(x) = ((x + c)/2,(x + y ) / 2 ) . Then t h e c o l l e c t i o n 
o f A(x) f o r a l l x i n { a , b } forms an o p e n c o v e r i n g o f { a , b } . 
We may t a k e a f i n i t e s u b c o v e r i n g , s a y A(xQ), A(x^),...A(x^ ) 
w i t h a = x < x, < ...< x = b . Now l e t z„ = x • L e t 
o 1 m o o 
z k = sup {Xj s o t h a t ^ A ^ * k - 1 ^ * S n o t e m P t y } • So 
r 
d o i n g , we c o n s t r u c t a s e q u e n c e { z } s o t h a t a = z , 
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b = z r , < z k , and A ( z k - 1 ) H A ( z k ) i s n o t empty f o r 
e a c h k i n [ l , r ] . Now i f z k _-^ < w k < z k and w k i s i n 
A
^
z k - 1 ^ nA ( z k ) , t h e n y ( z k _ i > w k ) - 1 < 1 and M w k , z k ) - 1 
n 
< 1 f o r e a c h k i n [ l , r ] . So i f { t } i s a s u b d i v i s i o n 
p
 p=0 
n 
w h i c h c o n t a i n s t h e p o i n t s z , and w, , t h e n { t } h a s t h e 
J c K p
 p=0 
d e s i r e d p r o p e r t i e s . ( I f a. > b , t h e p r o o f i s a l m o s t t h e s a m e * ) 
We now d e f i n e , f o r V i n OA, t h e v a r i a t i o n o f V f r o m 
x t o y , 2 I v I • t o be t h e l e a s t number B s u c h t h a t 
x 
n n 
> I V ( t , , t ) f < B f o r e a c h s u b d i v i s i o n { t } o f 
P=l P - 1 P ~ P
 p = 0 
{ x , y } . S i n c e V i n OA g i v e s |! V |! << a f o r some a i n 0 A + , 
_y _y 
]> I V | < a ( x , y ) i s i m m e d i a t e . H e n c e , p ( x , y ) = 2 l v l 
x x 
i s t h e " s m a l l e s t " e l e m e n t o f OA s u c h t h a t | V | « (3. 
We now h a v e e a s i l y a s u f f i c i e n t c o n d i t i o n on V i n 
y 
OA t o . taaure t h a t N [ I + V] i s i n I ( X ) . 
x 
THEOREM 8 
V 7 
S u p p o s e t h a t V i s i n OA and l e t (3 d e n o t e _> | V | 
x 
f o r e a c h p a i r o f numbers ( x , y ) . I f ( 3 ( x , x + ) < 1 and 
36 
b 
0 ( x ~ , x ) < 1 f o r e a c h x , t h e n IT [ I + V] i s i n I ( X ) w h e n e v e r 
a 
a < b . I f ( 3 ( x + , x ) < 1 and ( 3 ( x , x ~ ) < 1 f o r e a c h x , t h e n 
b 
IT [ I + V] i s i n I ( X ) w h e n e v e r a > b . 
a 
n 
PROOF! L e t { t } be t h e s u b d i v i s i o n s e l e c t e d i n t h e 
p
 P = 0 
b n t p 
p r o o f o f Lemma 8 . 2 . n [ I + V] = n ( n [ I + V ] ) . 
P = 1 ^ - i 
Theorem 3 , t h e i n i t i a l c h a r a c t e r i z a t i o n o f I ( X ) , g i v e s t h e 
d e s i r e d r e s u l t i m m e d i a t e l y . 
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CHAPTER V 
CHARACTERIZATIONS OP THE IDENTITY COMPONENT 
We now f u r n i s h two c h a r a c t e r i z a t i o n s o f t h e i d e n t i t y 
c o m p o n e n t . The f i r s t i s a g e n e r a l i z a t i o n o f a r e s u l t due t o 
J . W. N e u b e r g e r and i n c l u d e s N e w b e r g e r ' s r e s u l t a s a s p e c i a l 
c a s e . The s e c o n d u n i t e s i n f o r m a t i o n known a b o u t t h e i d e n t i t y 
component and a b o u t v a l u e s o f s o l u t i o n s o f i n t e g r a l e q u a ­
t i o n s . N e i t h e r r e s u l t h a s a p p e a r e d i n t h e l i t e r a t u r e . 
We h a v e f i r s t 
THEOREM 9 
S u p p o s e t h a t V i s i n OA w i t h V(0 , 1 ) = I . L e t M(V) 
d e n o t e t h e s e t t o w h i c h F b e l o n g s o n l y i n c a s e t h e r e i s an 
1 
e l e m e n t H i n X s u c h t h a t F = IT [ I + VH] , where VH d e n o t e s 
0 
t h a t e l e m e n t o f OA d e f i n e d t o be V ( x , y ) H f o r e a c h p a i r ( x , y ) . 
I f Q i s i n I ( X ) , t h e n Q i s t h e L - u n i f o r m l i m i t o f a s e q u e n c e 
i n IIM(V). 
18 
PROOF! Let p(x,y) denote the variation of V from x to y. 
n 
It follows that if B is in S, Q is in X, and (t } is a 
p
 p=0 
subdivision of {x,y}, then 
n 
|| (I + V(0,1)Q)B - II [I + V(t , , t ) $ ] B || 
p=l p ' ± P 
p=l P 1 P p=l P J- P 
= II ^ [ < V ( t p . r t p ) Q B ) - V U ^ , ^ )Q 
n 
n
 [I + V(t. ,,t. )Q] B 
k=p+l 
n 
p=l e<Vi'V l Q H I ( I -
k=p+l 
[I + V ( t w , t k ) Q ] ) B 
f i l Jp(V i ' t p , | Q , | j ( v l ) | Q ' t 1 1 [ 1 + | Q | P 1 " B " ] 
< | Q | 2 p ( 0 , l ) 2 lT[l + fQ|p] || B || . H e n c e , 
0 1 
||! (I + Q)B - n [I + VQ] B || 
0 
< I Q I 2 p ( 0 , l ) 2 IM1 + I Q I p] || B ||. 
0 
Now suppose that | Q | < 1/2. If n is a positive 
n-1 
integer, I + Q = n [(I + ((n-k)/n)Q) (I + ( ( n - k - D / n j Q ) " 1 ] 
k=0 
and | (I + (k/n)Q)(I + ((k-D/njQ)" 1 - I f = 
39 
| ( I + ( k / n ) Q - I - ( ( k - l ) / n ) Q ) ( I + ( (k-1 ) / n ) Q ) " 1 | 
< (l/n) | Q | | ( I + ((k-D/njQ)"1 | 
5 (l/n) | Q | (1 - | Q | )"1 < (l/n) 
Put C k = ( I -»- ( ( n - k + l ) / n ) Q ) ( I + ( ( n - k J / n j Q ) " 1 - I f o r e a c h 
k i n [ l , n ] . Then i f B i s i n S , we h a v e 
'k-
n 1 
I + Q ) B - n [ n [ I + vcj] B | | 
k = l 0 
- k^=iL p-i -
_ n [i + vcn_k+1J> p=n_k+2 o 
1 n 
0 
n r 
< 2 
k = l 
•k+1 [ n [i + | c fp]] 
p=n-k+2 0 p (1 + ( l / n ) ) n - K ( l / n ) ^ ( 0 , l ) % x p [ ( l / n ) ( 3 ( 0 , l ) ] . 
e x p [ ( k - l ) p ( 0 , l ) / n ] || B || 
< ( l / n ) p ( 0 , l ) 2 e x p [ l + (3(0,1)] || B || . 
n 1
 + oo 
H e n c e , t h e s e q u e n c e fn [ IT [ I + VC, ] ] } h a s L - u n i f orm 
k = l 0 n = l 
l i m i t ( I + Q ) • Theorem 9 now f o l l o w s i m m e d i a t e l y f rom t h e 
i n i t i a l c h a r a c t e r i z a t i o n o f I ( X ) g i v e n i n Theorem 3 . 
N o t e t h a t i f , i n Theorem 9, we h a v e | V ( x , x + ) | < 1 
and | V ( x ~ , x ) | < 1 f o r e a c h x , t h e n e a c h e l e m e n t o f t h e 
a p p r o x i m a t i n g s e q u e n c e i s i n I ( X ) by C o r o l l a r y 5-3* Hence 
we h a v e a p a r t i a l c h a r a c t e r i z a t i o n o f I ( X ) . 
J . W. N e u b e r g e r ' s r e s u l t now comes a s a c o r o l l a r y t o 
Theorem 9. I f we p u t V ( x , y ) = ( y - x ) I i n Theorem 9, we h a v e 
COROLLARY 9 . 1 
S u p p o s e t h a t H i s i n I ( X ) . Then H c a n be w r i t t e n a s 
t h e L - u n i f o r m l i m i t o f a s e q u e n c e whose e l e m e n t s a r e f i n i t e 
p r o d u c t s o f e l e m e n t s o f t h e form Exp ( Q ) , where 
( E x p ( Q ) ) B = l i m ^ ^ C l + ( l / n ) Q ) n B f o r e a c h B i n S . 
I t i s i m p o r t a n t t o n o t e t h a t t h e c h a r a c t e r i z a t i o n 
g i v e n i n Theorem 9 i s o n l y p a r t i a l , i n t h e s e n s e t h a t t h e 
f o l l o w i n g c o n j e c t u r e due t o N e u b e r g e r r e m a i n s u n a n s w e r e d ! 
C o n j e c t u r e S u p p o s e t h a t H i s i n X, t h a t H - 1 
e x i s t s , and t h a t H i s t h e L - u n i f o r m l i m i t o f a s e q u e n c e i n 
I ( X ) . Then H i s i n I ( X ) . 
T h i s d i f f i c u l t y i s a v o i d e d a l t o g e t h e r i n t h e n e x t 
t h e o r e m . 
THEOREM 10 
S u p p o s e t h a t H i s i n X» T h e s e a r e e q u i v a l e n t ! 
( i ) There i s a V i n OA w i t h V( , 0 ) c o n t i n u o u s 
0 
and w i t h H = n [ I + V ] . 
1 
( i i ) H i s i n I ( X ) . 
PROOF! Theorem 8 g i v e s t h a t ( i ) i m p l i e s ( i i ) , I f Q i s i n 
X and I1 Q | < 1 , we may p u t W ( x , y ) = ( I + x Q ) ( I + y Q ) ' 1 
f o r e a c h of x and y i n [ 0 , 1 ] . Then i f z l i e s b e t w e e n x and 
y , W ( x , z ) W ( z , y ) = W ( x , y ) . M o r e o v e r , we h a v e t h a t 
| ! W ( x , y ) - I | = | ( I + x Q ) ( I + y Q ) * 1 ~ ( I + y Q ) ( I + y Q ) ^ 1 | 
- |! ( x ~ y ) Q ( I + y Q ) " 1 | < f x - y I | Q | ( 1 - I yQ I ) - 1 
5 ( l - I yQ I J ' ^ l + f x - y | | Q | ) - 1 
< ( 1 - I Q I ) " 1 e x p [ f x - y | f Q f ] - 1 . Hence W i s i n OM. 
F u r t h e r , i f V = L(W), V( , 0 ) i s c o n t i n u o u s by Lemma 8 . 1 . 
n 
F i n a l l y , i f H i s i n I ( X ) , t h e n H = IT [ I + Q_] 
P = l ^ 
n 
f o r some s e q u e n c e (Q } i n X w i t h f f < 1 f o r e a c h p . 
p
 p=0 P 
I n s i m i l a r f a s h i o n t o t h e a b o v e , we may c o n s t r u c t a W i n OM 
s u c h t h a t W(l - ( p - l ) / n , 1 - p / n ) = ( I + Q^) f o r e a c h p . 
A g a i n , i f V = L(W), t h e n V( , 0 ) i s c o n t i n u o u s . 
1+2 
I n v i e w o f Theorem 7 . we may i n t e r p r e t Theorem 10 
a s f o l l o w s ! 
COROLLARY 1 0 . 1 
C o n s i d e r t h e s y s t e m 
(** ) U ( x ) = I + (R) J VU , U ( l ) = H. 
x 
I f H i s i n I ( X ) , t h e n t h e r e i s a V i n OA w i t h V( , 0 ) c o n t i n ­
u o u s s u c h t h a t ( ^ ) h a s a s o l u t i o n . I f H i s n o t i n I ( X ) , 
n o s u c h V e x i s t s . 
k3 
CHAPTER VI 
LOGARITHMS* EXPONENTIA LS , AND THE IDENTITY 
COMPONENT IN LINEAR SPACES 
I n c a s e X i s a c o l l e c t i o n o f l i n e a r f u n c t i o n s , we 
c a n s h a r p e n our r e s u l t s c o n s i d e r a b l y . We f i r s t p u t H ( Q ) ( t ) 
+ 00 
« 2 t ( l / n ! ) t n Q n ] f o r e a c h Q i n X and n o t e t h a t t h e c o n -
n=0 
v e r g e n c e i s a b s o l u t e i n t h e norm o f X . Now, i f V ( x , y ) 
= ( x - y ) Q , t h e n U ( t ) = E x p ( t Q ) i s t h e s o l u t i o n t o 
,0 
(* ) U ( t ) = I + (B) / VU. 
t 
,0 
I f we o b s e r v e t h a t I + (R) / V[H(Q) ] 
t 
0 + 0 0 + OO 0 , 
- I f / ( - d x ) Q 2 [ ( l / n ! ) x c n Q n ] = 1 + 2 I / ( - d x ) x n Q n + 1 / n l 1 
t n=0 n=0 t 
+ 0 0 
= 1 + 2 ( l / n ! ) t n Q n = H ( Q ) ( t ) , Theorem 7 g i v e s t h e n 
n = l 
+ OO 
t h a t ExpQ » l i m n H H . J I + ( l / n ) Q ) n = 2 [ U / n l ) Q n ] . I t i s , 
n=0 
f u r t h e r , e a s y t o show t h a t Exp( ) i s a c o n t i n u o u s f u n c t i o n 
f r o m X t o X s u c h t h a t w h e n e v e r AB = BA, Exp(A + B) = 
E x p ( A ) E x p ( B ) . M o r e o v e r , we may p u t 
III*. 
n 
L n ( I - Q) = l i r a . 2 t ( I - ( ( n - k ) / n ) Q ) ( I - ( ( n - k - l ) / n ) Q ) ~ 
n
 k=0 
- I ] , 
a n d t h e c o n v e r g e n c e i n v o l v e d i s i n norm from t h e p r o o f o f 
Theorem 10 a n d t h e l i n e a r i t y o f X* U s i n g f u r t h e r t h e i d e a s 
o f t h e p r o o f s o f Theorems 9 and 1 0 , we h a v e 
THEOREM 1 1 
I f Q i s i n X, X i s l i n e a r , and f Q f < 1 , t h e n 
E x p ( L n ( I - Q ) ) = 1 - Q. 
+ 00 
PROOF: I n a l i n e a r s p a c e we h a v e ExpQ = 2 [ ( l / n l ) Q n ] . 
n=0 
I t f o l l o w s t h a t | ExpQ - ( I + Q ) I < ( 1/2) | Q | 2 e x p ( f Q | ) • 
I f n i s a p o s i t i v e i n t e g e r , we t h e n h a v e 
| ! E x p [ ( I - ( ( n - k ) / n ) Q ) ( I - ( ( n - k - l ) / n ) Q ) - 1 - I ] 
- ( I - ( ( n - k ) / n ) Q ) ( I - ( ( n - k - D / N X I ) " 1 | 
« | Exp[ ( l / n ) Q ( I - ( ( N - k - D / N J Q ) " 1 ] 
- ( I • ( l / n ) Q ( I - ( ( N - k - D / N W 1 ) |! 
< ( 1/2) ( l / n ) 2 | Q | 2 | ( I - ( ( a - k - D / N J Q ) " 1 | 2 • 
e x p [ | Q | ( l / n ) | ( I - ( ( n - k - D / n ^ r 1 || ] 
< ( 1 / 2 ) ( l / n ) 2 | Q f 2 ( 1 - I 0. I ) 2 e x p [ { Q | / n ( l - U l ) ] 
f o r e a c h k i n [0,n-l] • Now t h e t e r m s o f t h e s e q u e n c e 
{ ( I - ( ( n - k ) / n ) Q ) ( I - ( ( n ~ k - l ) / n ) Q ) A - 1} commute w i t h 
k=0 
i+5 
e a c h o t h e r u n d e r m u l t i p l i c a t i o n . Hence we h a v e t h a t i f 
C k = ( I - ( ( n - k ) / n ) Q ) ( I - ( ( n - k - D / n j Q ) " 1 , t h e n 
n-1 n-1 n-1 n-1 
I ! E * P ( 2 [C, - I ] ) - N C K | = | N Ex P (C , - I ) - N C 
k=0 K k=0 K k=0 K k=0 
5 F ( N11 P 1 | Exp(C - I ) | ) ( | Exp(C - I ) - C I ) 
p = l k=0 K n p n p 
n-1 
( N | C K | ) 
k = n - p + l 
< 2 * ( N11 P ^ [ e x p ( ( l / n ) | Q | (1 - | Q I ) ( ( l / n ) 2 ( l / 2 ) 
I Q I 2 ( 1 - r Q r ) ^ 2 e x p [ ( l / n ) | Q | (1 - I Q I J " 1 ] ) • 
n-1 ( N I C I ) 
k * n - p + l K 
< ( l / n ) | Q | 2 (1 - | Q | T 2 e x p [ | Q | (1 - | Q | (1 /2 ) , 
u s i n g l i n e a r i t y o f X and Lemma 5.3. 
Continuity of Exp( ) now gives the theorem. 
We may now a p p e a l t o Theorem 3> t h e i n i t i a l c h a r a c ­
t e r i z a t i o n o f I ( X ) , t o o b t a i n a s h a r p e r c h a r a c t e r i z a t i o n o f 
I ( X ) f o r c o m p l e t e s p a c e s o f l i n e a r f u n c t i o n s . 
THEOREM 12 
I f X i s a c o m p l e t e s p a c e o f l i n e a r f u n c t i o n s f r o m S 
t o S , t h e n H i s i n I ( X ) o n l y i n c a s e t h e r e i s a s e q u e n c e 
2*6 
n n 
i n X s u c h t h a t H = IT E x p ( Q p ) . 
P = i 
I n t h e c a s e t h a t t h e u n d e r l y i n g s p a c e S i s a f i n i t e 
d i m e n s i o n a l v e c t o r s p a c e o v e r t h e c o m p l e x f i e l d and X i s t h e 
c o l l e c t i o n o f a l l l i n e a r t r a n s f o r m a t i o n s f rom S t o S , we 
h a v e an e v e n s t r o n g e r r e s u l t f rom f u n c t i o n a l a n a l y s i s . I f 
a n y r e c t i f i a b l e s i m p l e c l o s e d c u r v e , c o n t a i n i n g i n i t s 
i n t e r i o r a l l c h a r a c t e r i s t i c r o o t s o f Q, b u t n o t t h e o r i g i n , 
we t h e n h a v e t h a t E x p ( L n ( Q ) ) = Q f o r e a c h i n v e r t i b l e Q, 
I n t h i s s e t t i n g one t h e n h a s I ( X ) = Exp(X) = { a l l Q i n X 
s u c h t h a t e x i s t s } [ 1 ] « 
We m i g h t h o p e t h a t t h i s r e s u l t w o u l d g e n e r a l i z e a t 
l e a s t t o f i n i t e d i m e n s i o n a l s p a c e s X o f l i n e a r f u n c t i o n s . 
S u c h , h o w e v e r , i s n o t t h e c a s e . 
I f X i s t h e c o l l e c t i o n o f a l l r e a l 2 b y 2 m a t r i c e s , 
we c a n show t h a t I ( X ) = { a l l M i n X s u c h t h a t d e t ( M ) > 0 } . 
Now, i f A i s i n X, t h e n Y ( t ) « E x p ( t A ) i s t h e s o l u t i o n t o 
t h e m a t r i x d i f f e r e n t i a l e q u a t i o n Y f = AY, Y ( 0 ) = I , T h i s 
we p u t Ln(Q) = ( l / 2 r r i ) / ( z l - l n ( z ) d z , where C i s 
0 
we s h a l l u s e t o show t h a t i s n o t an e x p o n e n t i a l . 
0 - 1 
k7 
We c o n s i d e r I b~ 
L. _J c d _ v2_ 
. I f b = 0, we 
h a v e t h e n t h a t v^ = av^» I f v^ i s t h e u p p e r l e f t e n t r y o f 
a b 
c d 
o f t h e s o l u t i o n o f Y * Y, Y(0) = I , we t h e n 
= 1 , 2; 
h a v e v ^ ( t ) = e x p ( a t ) , and v ^ ( l ) / - 2 . S i m i l a r l y , we may 
a s s u m e t h a t c / 0. We s o l v e t h e c o u p l e d s y s t e m o f d i f f e r ­
e n t i a l e q u a t i o n s t o o b t a i n 
v k
f t
 - (Tr A ) v k * • ( d e t A ) v k « 0 ; 
v 2 = ( l / b M v ^ - a v x ) ; and 
v x = ( l / c ) ( v 2 f - d v 2 ) — 
[a b 
w h e r e A d e n o t e s t h e m a t r i x 
c d_ 
L e t B d e n o t e (1/2 )Tr A . T h e r e a r e t h r e e c a s e s . I f 
Y f = AY, Y(0) « I , and B 2 « d e t A, i t t h e n f o l l o w s t h a t 
Y ( t ) = e B t 
( B - d ) t + 1 b t 
c t ( B - a ) t + 1 
• S i n c e n e i t h e r b n o r c 
i s 0, Y ( l ) / • I f B < d e t A, p u t 
*2 0 
0 - 1 
= " \ / d e t A - B 2 • The s o l u t i o n Y i s t h e n g i v e n b y 
Y ( t ) = e B t 
( ( B - d ) / e ) s i n ( e t ) + c o s ( e t ) ( b / e ) s i n ( e t ) 
( c / e ) s i n ( e t ) ( ( B - a ) / e ) s i n ( e t ) + c o s ( e t ) 
Now s i n ( e ) = 0 f o r c e s t h e d i a g o n a l e n t r i e s o f Y ( l ) t o be 
= A / B 2 - d e t A . t h e s a m e . F i n a l l y , i f B > d e t A, p u t e 
Then we h a v e t h a t t h e s o l u t i o n m a t r i x Y ( t ) i s g i v e n by 
e 
( B - e ) t 
( ( e + B - a ) / 2 e ) + ( ( e + a - B ) / 2 e ) e 2 e t
 ( b / 2 e ) ( e 2 e t - 1 ) 
( c / 2 e ) ( e 2 e t - 1 ) ( ( e + B - d ) / 2 e ) + ( ( e + d - B ) / 2 e ) e 2 e t 
2 e t S i n c e n e i t h e r b n o r c i s 0 , and s i n c e ( e - 1 ) i s m o n o -
"-2 0~ 
t o n i c , Y ( l ) c a n n o t be 
c o n t a i n e d i n I ( X ) . 
0 - 1 
. Hence Exp(X) i s p r o p e r l y 
k9 
CHAPTER V I I 
CONCLUDING REMARKS 
We may summarize a s f o l l o w s ! 
I f X i s an L - u n i f o r m l y c o m p l e t e n e a r - r i n g o f 
L i p s c h i t z t r a n s f o r m a t i o n s f r o m a Banach s p a c e S t o S , t h e n 
( i ) The i d e n t i t y component I ( X ) i s p r e c i s e l y 
t h a t s u b s e t o f X t o w h i c h H b e l o n g s o n l y i n c a s e H c a n be 
w r i t t e n a s a f i n i t e p r o d u c t o f e l e m e n t s o f X whose normed 
d i s t a n c e f r o m I i s l e s s t h a n 1 (Theorem 3)» 
( i i ) I f V i s i n OA w i t h V(0,1) = I , and i f M(V) 
i s t h e s u b s e t o f X t o w h i c h Q b e l o n g s o n l y i n c a s e t h e r e i s 
1 
a n e l e m e n t P o f X s u c h t h a t Q = n [ I + V P ] , t h e n e a c h H i n 
0 
I ( X ) c a n be w r i t t e n a s t h e L - u n i f o r m l i m i t o f a s e q u e n c e , 
e a c h o f w h o s e members i s a f i n i t e p r o d u c t o f e l e m e n t s o f 
M(V) (Theorem 9 ) . Most n o t a b l y , i f i n Theorem 9 we p u t 
V ( x , y ) = ( y - x ) I , we t h e n h a v e N e u b e r g e r 1 s c h a r a c t e r ­
i z a t i o n s . Each e l e m e n t o f I ( X ) c a n be w r i t t e n a s t h e 
L - u n i f o r m l i m i t o f a s e q u e n c e w h o s e members a r e f i n i t e 
5 0 
p r o d u c t s o f e x p o n e n t i a l s i n X . I f X i s a c o l l e c t i o n o f 
l i n e a r f u n c t i o n s , t h e n e a c h e l e m e n t o f I ( X ) c a n be w r i t t e n 
p r e c i s e l y a s a f i n i t e p r o d u c t o f e x p o n e n t i a l s . 
( i i i ) H i s i n I ( X ) o n l y i n c a s e H l i e s i n t h e 
r a n g e o f t h e s o l u t i o n U t o some i n t e g r a l e q u a t i o n o f t h e 
x 
c o n t i n u o u s . A c h a n g e o f s c a l e g i v e s t h i s v e r s i o n o f 
C o r o l l a r y 1 0 . 1 . 
f o r m w i t h V i n OA and w i t h V( , 0 ) 
5 1 
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